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^2 ■ Abstract. In this paper wc study the existence and the instabiUty of stand- 

ing waves with prescribed L^-norm for a class of Schrodinger-Poisson-Slater 
equations in M.^ 

(0.1) #t + - * ivn^ + iV'r"^^' = 

when p € (^,6). To obtain such solutions we look to critical points of the 



(N 



energy functional 

J2 ■ on the constraints given by 

S{c) = {u e H\R') : ||u||^.(K3) =c,c>0}. 

For the values p G ("ifiS) considered, the functional F is unbounded from 
^ ■ below on S{c) and the existence of critical points is obtained by a mountain 

00 ! pass argument developed on S{c). We show that critical points exist provided 

■ that c > is sufficiently small and that when c > is not small a non- 

existence result is expected. Concerning the dynamics we show for initial 
condition uq S H^{M.^) of the associated Cauchy problem with |jMo||2 = c that 
the mountain pass energy level 7(c) gives a threshold for global existence. Also 
the strong instability of standing waves at the mountain pass energy level is 
proved. Finally we draw a comparison between the Schrodinger-Poisson-Slater 
equation and the classical nonlinear Schrodinger equation. 



1. Introduction 

In this paper we prove the existence and the strong instabihty of standing 
waves for the following Schrodinger-Poisson-Slater equations: 

(1.1) idtU + Au - {\x\~^ * \u\^)u + \u\P~'^u = in R x 

This class of Schrodinger type equations with a repulsive nonlocal Coulombic 
potential is obtained by approximation of the Hartree-Fock equation describing 
a quantum mechanical system of many particles, see for instance [3], [27], [29] , 
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[30] . We look for standing waves solutions of (11. ip . Namely for solutions in the 
form 

u{t,x) = e~'^^v{x), 
where A G M. Then the function v{x) satisfies the equation 

(1.2) ~ Av - Xv + {\x\'^ * \vf)v - \v\P~'^v = in 

The case where A G M is a fixed and assigned parameter has been extensively 
studied in these last years, see e.g. [1], [H], [22], [23], [31] and the references 
therein. In this case critical points of the functional defined in H^(R^) 

J(n):=l / \Vu\^dx-^ [ \u\-dx+'- [ [ Ml^lt^^cixrf,- i / \ufdx 



2 jRi 2 Jr3 4 J^3 J^3 F — 1/1 P 

give rise to solutions of (II. 2p . In the present paper, motivated by the fact that 
physics are often interested in "normalized" solutions, we search for solutions 
with prescribed L^-norm. A solution of (II. 2p with ||m||^2(]j3) = c can be obtained 
as a constrained critical point of the functional 



2 " ' 4 U, 7., \x -y\ ' p 

on the constraint 

S{c) := {u G H\R') : \\u\\' = c}. 



Note that in this case the frequency can not longer by imposed but instead appears 
as a Lagrange parameter. As we know, F{u) is a well defined and functional 
on S{c) for any p G (2,6] (see [31] for example). For p G (2, y) the functional 
F{u) is bounded from below and coercive on S{c). The existence of minimizers 
for F{u) constrained has been studied in the [5], [6], [33]. It has been proved in 
[33] , using techniques introduced in [11], that minimizer exist for p = I provided 



3 

that c G (0, Co) for a suitable cq > 0. In [6] it is proved that minimizers exist 
provided that c > is small and p G (2, 3). In [5] the case p G (3, y) is considered 
and a minimizer is obtained for c > large enough. 

In this paper we consider the case p G (^,6). For this range of power the 
functional F{u) is no more bounded from below on S{c). We shall prove however 
that it has a mountain pass geometry. 

Definition 1.1. Given c > 0, we say that F{u) has a mountain pass geometry 
on S{c) if there exists > 0, such that 

7(c) = inf max F{g{t)) > max{F{g{0)), F{g {!))}, 
3ercte[o,i] 

holds in the set 

T, = {ge C([0, 1], Sic)), giO) G Aj,^, F{g{l)) < 0}, 
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where Ak, = {u e S{c) : || Vm||^2(ir3) < A'c}. 

In order to find critical points of F{u) on S{c) we look at tlie mountain pass 
level 7(c). Our main result concerning the existence of solutions of fll.2p is given 
by the following 

Theorem 1.1. Let p G , 6) and c > then F{u) has a mountain pass geometry 
on S{c) . Moreover there exists cq > such that for any c G (0, cq) there exists a 
couple (uc, Ac) G H^{M.^) x ]R~ solution of (11 ■2p with ||uc||2 = c and F{uc) = 7(c). 

Let us underline some of the difficulties that arise in the study of the existence of 
critical points for our functional on S{c). First the mountain pass geometry does 
not guarantee the existence of a bounded Palais-Smale sequence. To overcome 
this difficulty we introduce the functional 

Qiu):= [ \Wu\^dx+l f f \^^^^f^^dxdy-^-^^ [ \u\^dx, 
Jr3 4 Jr3 Jk3 \x - y\ 2p J^s 

the set 

V{c) := {u G S{c) : Q{u) = 0} 

and we first prove that 

(1.3) 7(c) = mf F(u). 

u£V{c) 

We also show that each constrained critical point of F{u) must lie in V{c). At this 
point taking advantage of the nice "shape" of some sequence of paths ((?„) C Tc 
such that 

max F(^„(t)) 7(c), 

tG[0,l] 

we construct a special Palais-Smale sequence {«„} C H^{R^) at the level 7(c) 
which concentrates around V{c). This localization leads to its boundedness but 
also provide the information that Q{un) = o(l). This last property is crucially 
used in the study of the compactness of the sequence. Next, since we look for 
solutions with a prescribed L^-norm, we must deal with a possible lack of com- 
pactness for sequences which does not minimize F{u) on S{c). In our setting it 
does not seem possible to reduce the problem to the classical vanishing-dichotomy- 
compactness scenario and to the check of the associated strict subadditivity in- 
equalities, see [28] . To overcome this difficulty we first study the behaviour of the 
function c — )■ 7(c). The theorem below summarizes its properties. 

Theorem 1.2. Let p G (y,6) and for any c > let 7(c) be the mountain pass 
level. Then 

(i) c — 7(c) is continuous at each c > 0. 

(ii) c — 7(c) is non-increasing. 
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(iii) There exists cq > such that in (0, cq) the function c — )■ 7(c) is strictly 
decreasing. 

(iv) There exists Cqo > such that for all c > Cqo the function c — )■ 7(c) is 
constant. 

(v) lim7(c) = +00 and lim 7(c) := 7(00) > 0. 

c— )-0 c— >oo 

We show that if 7(c) < 7(ci), for all Ci G (0,c) then there exists G H^{M.^) 
such that ||iic||2 = s-^d F{uc) = 7(c). However we are only able to prove 
this for c > sufficiently small. For the other values of c > the information 
that c — > 7(c) is non increasing permits to reduce the problem of convergence to 
the one of showing that the associated Lagrange multiplier Ac G M is non zero. 
However we do prove that Ac = holds for any c > is sufficiently large. In 
view of this property we conjecture that 7(c) is not a critical value for c > large 
enough. See Remark 17.11 in that direction. 

Remark 1.1. The proof that c — 7(c) is non increasing is not derived through 
the use of some scaling. Due to the presence of three terms in F{u) which scale 
differently such an approach seems difficult. Instead we show that if one adds in 
a suitable way L^-norm in then this does not increase the mountain pass level. 
This approach is reminiscent of the one developed in [25] but here the fact that 
we deal with a function defined by a mountain pass instead of a global minimum 
and that F{u) has a nonlocal term makes the proof more delicate. 

To show Theorem 11.21 (iv) and that 7(c) — ?■ 'j{oo) > as c — > 00 in (v) we take 
advantage of some results of [19]. In [19] the equation 

(1.4) - Av + {\x\~^ * \vf)v - \v\P-% = in 

is considered. Real solutions of (11.41) are searched in the space 

(1.5) E := {u G D''\R') : / / M^l^H^rf^rf^ < 00} 

Jr3 iiR3 F - y\ 

which contains H^(M.^). This space is the natural space when A = in (11.21) . 
In [19] it is shown that F{u) defined in E possess a ground state. It is also 
proved, see Theorem 6.1 of [19], that any real radial solution of (11.41) decreases 
exponentially at infinity. We extend here this result to any real solution of (11. 4p . 
More precisely we prove 

Theorem 1.3. Let p G (3, 6) and (m. A) G -E x R with X < be a real solution of 
U.^) . Then there exists constants Ci > 0, C2 > and R> such that 

(1.6) \u{x)\ < (7i|x|-te-^2v^, V \x\ > R. 
In particular, u G if^(M^). 
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Remark 1.2. Clearly the difficult case here is when A = and it correspond to the 
so-called zero mass case, see [S]. This part of Theorem 11.31 was kindly provided 
to us by L. Dupaigne [15]. We point out that the exponential decay when A = 
is due to the fact that the nonlocal term is sufficienty strong at infinity. Actually 
we prove that * > C|x|~^ for some C > and |x| large. In contrast 

we recall that for the equation 

(1.7) - Au + V{x)u-\u\P~\ = 0, xeH\R^), 

if we assume that limsup|3,|^go F(x)|xp"'"'' = for some 6 > 0, then positive 
solutions of ( II. 7p decay no faster than This can be seen by comparing with 

an explicit subsolution at infinity |x|~^(l + |x|~'^) oi — A + V. 

Theorem 11.31 is interesting for itself and also it answers a conjecture of |19] . 
see Remark 6.2 there. For our study the information that any solution of (11. 4p 
belongs to L^(M^) is crucial to derive Theorem 11.21 (iv)-(v) and the exponential 
decay is also used later to prove that our solutions correspond to standing waves 
unstable by blow-up. 

The phenomena described in Theorems 1 1 . 1 1 and 1 1 . 2 1 are also due to the nonlocal 
term as we can see by comparing 11.11 with the classical nonlinear Schrodinger 
equation 

(1.8) iipt + Aij + lipl^-^ip = in R\ 

In [21] the existence of standing waves on S{c) when the functional is unbounded 
from below was considered and a solution obtained for any c > 0. Here we 
show in addition that the mountain pass value 7(c) associated to (II. 8p is strictly 
decreasing as a function of c > and that 7(c) — as c — )■ 00. 

The fact that (11. 3p holds and that any constrained critical point of F{u) lies 
in V{c) implies that the solutions found in Theorem 11.11 can be considered as 
ground-states within the solutions having the same L^-norm. 

Let us denote the set of minimizers of F{u) on V{c) as 

(1.9) M,:={u,eV{c) : F{u,) = inf F{u)}. 

u£V{c) 

Theorem 1.4. Let p G (y, 6) and c > 0. For each € M.c there exists a Ac < 
such that (uc, A^) G H'^{R?) x M solves / fTl) . 

Clearly to prove Theorem 11.41 we need to show that any minimizer of F{u) on 
V{c) is a critical point of F{u) restricted to 5'(c), namely that V{c) acts as a 
natural constraint. As additional properties of elements of M.c we have : 

Lemma 1.1. Let p G (^,6) and c > 6e arbitrary. Then 

(i) If Uc G M.C then also \uc\ G M.c ■ 

(ii) Any minimizer Uc G Aic has the form e^^\uc\ for some 6 G S"*^ and \uc{x)\ > 
a.e. on R^. 
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In view of Lemma 11.11 each elements of Aic is a real positive function multiply 
by a constant complex factor. 

Concerning the dynamics we first consider the question of global existence of 
solutions for the Cauchy problem. In the case p G (2, y) global existence in 
time is guaranteed for initial data in if^(M^), see for instance [12]. In the case 
p G (2, y) the standing waves found in [5], |6], [33] by minimization are orbitally 
stable. This is proved following the approach of Cazenave-Lions [13]. In the 
case p G (y, 6) the global existence in time of solutions for the Cauchy problem 
associated to (11. ip does not hold for arbitrary initial condition. However we are 
able to prove the following global existence result. 

Theorem 1.5. Let p G (y,6) and uq G H^{M.^,C) be an initial condition asso- 
ciated to (11. ip with c = \ \uo\\l. If 

Q{uq) > and F{uo) < 7(c), 

then the solution of (II. ip with initial condition uq exists globally in times. 

In Remark 18. II we prove that the set 

O = {no G 5(c) : Q{uo) > and F{uo) < 7(c)} 

is not empty. 

Next we prove that the standing waves corresponding to elements of A^c are 
unstable in the following sense. 

Definition 1.2. A standing wave e*'^*n(x) is strongly unstable if for any e > 
there exists Uq G H^{M.^,C) such that ||mo — < e and the solution u{t, ■) of 
the equation (II. ip with m(0, ■) = Mq blows up in a finite time. 

Theorem 1.6. Let p G (y,6) and c > 0. For each G Aic the standing wave 
e~*'^'=*Mc of ( fi.ip . where Xc is the Lagrange multiplier, is strongly unstable. 

Remark 1.3. The proof of Theorem 1 1 . 6 1 b or rows elements of the original approach 
of Berestycki and Cazenave [7]. The starting point is the variational character- 
ization of Uc G Aic and the decay estimates established in Theorem 11.31 proves 
crucial to use the virial identity. 

Remark 1.4. For previous results concerning the instability of standing waves of 
(II. ip we refer to [23] (see also [22]). In [23], working in the subspace of radially 
symmetric functions, it is proved that for A < fixed and p E , 6) the equation 
(11.20 admits a ground state which is strongly unstable. However when we work 
in all H-^iW^) it is still not known if ground states, or at least one of them, are 
radially symmetric. In that direction we are only aware of the result of [T7| which 
gives a positive answer when p G (2, 3) and for c > sufficiently small. In this 
range the critical point is found as a minimizer of F{u) on S{c). 

Finally we prove 
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Theorem 1.7. Let p G (^,6). Any ground state of jl-j^ is strongly unstable. 

Remark 1.5. In the zero mass case there seems to be few resuhs of stabil- 
ity /instabihty of standing waves. We are only aware of [20] for a stability result. 

The paper is organized as follows. In Section [2] we establish the mountain pass 
geometry of F{u) on S{c). In Section [3] we construct the special bounded Palais- 
Smale sequence at the level 7(c). In Section |4] we show the convergence of the 
Palais-Smale sequence and we conclude the proof of Theorem 11.11 In Section [5] 
some parts of Theorem 1 1.2 1 are established. In SectionE]we prove Theorem 11.41 and 
Lemma 11.11 In Section [7] we prove Theorem 11.31 and using elements from [12] we 
end the proof of Theorem 11.21 Section [H] is devoted to the proof of Theorems 11.51 
11.61 and 11.71 Finally in Section IH] we discuss the nonlinear Schrodinger equation 
case. 

Acknowledgement: The authors thanks Professor Louis Dupaigne for pro- 
viding to them a proof of Theorem 1 1.3 1 in the case A = 0. We also thanks Professor 
Masahito Ohta for pointing to us the interest of studying the stability/instability 
of the ground states of (11.41) . 



1.1. Notations. In the paper it is understood that all functions, unless otherwise 
stated, are complex-valued, but for simplicity we write L*(]R^), i7^(R'^)...., and for 
any 1 < s < +00, L'^(M^) is the usual Lebesgue space endowed with the norm 



WuWl := / \uYdx, 
and iJ^(M'^) the usual Sobolev space endowed with the norm 

ll""!!^ •= / \'Vu\'^dx + / \u\'^dx. 
Moreover we define, for short, the following quantities 

A{u) := [ \\/u\'^dx, B{u) ■=11 dxdy 



\u{x)\^ 






\x - 


■y\ 





Then 
(1.10) 



C{u) 



Q{u) 



\u\'^dx, Diu) 



ImP dx. 



A{u) + -B{u) 



3(p-2) 
2p 



C{u). 
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2. The mountain pass geometry on the constraint 

In this section, we discuss the Mountain Pass Geometry ("MP Geometry" for 
short) of the functional F{u) on the L^-constraint S{c). We show the following: 

Theorem 2.1. When p G (y , 6), for any c > 0, F{u) has a MP geometry on the 
constraint S{c). 

Before proving Theorem 12. II we establish some lemmas. We first introduce the 
Cazenave's scaling [12]. For u G 5'(c), we set = t2u(tx),t > 0, then 



and 



Thus 



A{u') = t^A{u) , D{u') = D{u), 
B{u') = tB{u) , C{u') = tl^P-^^C{u). 



(2.1) F{u') = '-Aiu) + -Bin) + C{u). 

2 4 p 

Lemma 2.1. Let u G S{c), c > be arbitrary but fixed and p G (y,6), then: 

(1) A{u^) — > oo and F{u^) — oo, as t —)■ oo. 

(2) There exists ko > such that Q{u) > if ||Vm||2 < ko and ~C{u) > ko if 
Q{u) = 0. 

(3) IfF{u) < then Q{u) < 0. 

Proof. We notice that 

(2.2) F(u)- , Q(u)= ^^~^^ A(u)+ ^^~^ B(u). 
^ ' ^ ' 3(p-2)^^ ^ Q{p-2) ^ ' 12(p-2) ^ ' 

Thus (3) holds since the RHS is always positive. Moreover, thanks to Gagliardo- 
Nirenberg inequality there exists a constant C{p) > such that 



Q{u) > A{v) - C{p)A{u)^^ D{v)^ . 



The fact that ^^^^-^ > 1 insures that Q{u) > for sufficiently small A{u). Also 
when Q{u) = 

-C(u) = —^^[A(u) + -B(u)] > —^P—A(u) 

and this ends the proof of (2). Finally (1) follows directly from fl2.ip and since 
A{u') = t^A{u). □ 

Our next lemma is inspired by Lemma 8.2.5 in |12j . 
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Lemma 2.2. When p E (y,6), given u G S{c) we have: 

(1) There exists a unique t*{u) > 0, such that m* G V{c); 

(2) The mapping t i — > F{v}) is concave on [t*, oo); 

(3) t*{u) <l if and only if Q{u) < 0; 

(4) t*{u) = 1 if and only if Q{u) = 0; 
(5) 

' > 0, V t G (0,r(n)); 



< 0, V t G (r(u),+oo) 



(6) F{u*) < F{u^*), for any t > and t ^ t* 

(7) §^F{u') = ]Q{u'), W > 0. 



Proof. Since 



we have that 



f2 + ff(P-2) 

F{u') = -A{u) + -B{u) + —^C{u) 



and this proves (7). Now we denote 

y{t) = tA{u) + \b{u) + 
and observe that Q{u*') = t ■ y(t). After direct calculations, we see that: 



From the expression of y'{t) we know that y'{t) has a unique zero that we 



denote to > 0. Since p G (^,6) we see that y"{t) < and to is the unique 
maximum point of y{t). Thus in particular the function y[t) satisfies: 

(i) y{to) = maxt>oy{t); 

(ii) y(0) = iBiu); 

(iii) limt^+oo?/(t) = -oo; 

(iv) y{t) decreases strictly in [to, +C)o) and increases strictly in (0,to]. 

Since B{u) ^ 0, by the continuity of y{t), we deduce that y{t) has a unique 
zero t* > 0. Then Q{u**) = and point (1) follows. Point (2) (3) and (5) are also 
easy consequences of (i)-(iv). Since ■^F{u*)\t=t* = 0, ■^F{u*)\t=t* = y'{t*) < 
and t* is unique we get (4) and (6). □ 
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Proof of Theorem \2.1i We denote 

Ok '■= sup F{u) and := inf F{u) 

where 

Ck := {u G S{c) : A{u) = k,k> 0}. 
Let us show that there exist < ki < k2 such that 
(2.3) ak < f3k2 for all k e (0, ki] and Q{u) > if < /c2. 

Notice that, from Hardy-Littlewood-Sobolev's inequality and Gagliardo-Nirenberg's 
inequalities, it follows that 

F{u) < lA{u) + \Biu)<U{u) + Cip)\\u\\l^ 
< ^A{u) + C{p)A{u)-2 ■ D{u)l 

In particular — 0"'' as A;i — )■ 0+. On the other hand still by the Gagliardo- 
Nirenberg inequality we have 

F{u) > ]-A{u) + -Ciu) > ^A{u) - Cip)A{u)^ ■ D{u)^. 

^ P i-i 

Thus, since > 1, /3k^ > |/c2 for any k2 > small enough. These two 

observations and Lemma 2.1 (2) prove that (12. 3p hold. We now fix a /ci > and 
a A;2 > as in (12.31) . Thus for 

T, = {ge C([0, l],5(c)), ^7(0) e Ak„F{g{l)) < 0}, 

if Fc 7^ 0, then from the definition of 7(c), we have 7(c) > (3^2 > We only need 
to verify that Fc 7^ 0. This fact follows from Lemma [2. II (1). □ 

Remark 2.1. As it is clear from the proof of Theorem 12. II we can assume without 
restriction that 

sup F{u) < 7(c) /2 

where A^^ is introduced in the Definition 11.11 
Lemma 2.3. When p G (y,6), we have 

7(c) = inf F(n). 

u€V{c) 

Proof. Let us argue by contradiction. Suppose there exists v G V{c) such that 
F{v) < 7(c), and let, for A > 0, 
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Then, since A{v^) = A^A(t') there exists < Ai < 1 sufficiently small so that 
v^'^ G Afc^. Also by Lemma [2.11 (1) there exists a A2 > 1 sufficiently large so that 
F{v^'-^) < 0. Therefore if we define 

^(t) = t;(i-*)^i+*^2^ forte [0,1] 

we obtain a path in Tc- By definition of 7(c) and using Lemma [2.21 

7(c) < max F(^7(t)) = F(gi^^)) = F^v), 
ie[o,i] V A2 — Ai / 

and thus 

7(c) < inf F(n). 
uev{c) 

On other hand thanks to Lemma [2. II any path in F,, crosses V{c) and hence 

maxF(o(t)) > inf F(u). 

□ 



3. Localization of a PS sequence 

In this section we prove a localization lemma for a specific Palais-Smale se- 
quence {wn} C S'(c) for F{u) constrained to S{c). From this localization we 
deduce that the sequence is bounded and that Q{un) = o{l). This last property 
will be essential later to establish the compactness of the sequence. First we 
observe that, for any fixed c > 0, the set 

L := {ueV{c),F{u) <-f{c) + l} 

is bounded. This follows directly from the observation that 

and the fact that > 0, > if p G (f , 6). 

Let Ro>Ohe such that L C fi(0,i?o) where 5(0, i?o) := {u G ifi(M3)J|u|| < 
Ro}- 

The crucial localization result is the following. 
Lemma 3.1. Let p & (^'6) '^^'^ 

K^:= \^ue S{c) s.t. |F(u)-7(c)| </i, dist{u,V{c)) < 2fi, | |F'|5(c)(n) | < 2/i} , 
then for any /i > 0, the set i?(0, 3i?o) is not empty. 
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In order to prove Lemma 13.11 we need to develop a deformation argument on 
S{c). Following [H] we recall that, for any c > 0, S{c) is a submanifold of iJ^(M^) 
with codimension 1 and the tangent space at a point u G S{c) is defined as 

TaS{c) = {ve H\m:^) s.t. {u,v)2 = 0}. 

The restriction F\^^^^ : S{c) — )■ M is a C"*^ functional on S{c) and for any u G S{c) 
and any v G TuS{c) 

{f;^Ju),v) = {f'{u),v). 

We use the notation to indicate the norm in the cotangent space 

TuS{cy, i.e the dual norm induced by the norm of TuS{c), i.e 

\\dF^^^Ju)\\ ■■= sup \{dF{u),v)\. 

Let S{c) := {u G S{c) s.t. dF\s(c){u) 7^ 0}. We know from [9] that there exists a 
locally Lipschitz pseudo gradient vector field Y G C^{S{c),T{S{c)) ( here T{S{c)) 
is the tangent bundle) such that 

(3.2) \\Y{u)\\<2\\dF^^Ju)\l 
and 

(3.3) {F;^Ju),Yiu)) > \\dF^^.Ju)\\^ 

for any u G 5(c). Note that \\Y{u)\\ ^ ioi u E S{c) thanks to Now for 

an arbitrary but fixed /i > we consider the sets 

Nf, := {u G S{c) s.t. |F(m) -7(c)| < /i, rfist(M, ^(c)) < 2/i, ||F(m)|| > 2/i} 
AT^ := {n G 5(c) s.t. |F(u) - 7(c) | < 2/i} 
where, for a subset ^ of 5'(c), dist{x,A) := inf{||x — ?/|| : ?/ G ^}. Assuming that 
A'^ is non empty there exists a locally Lipschitz function g : S{c) — )■ [0, 1] such 
that 

' 1 on iV^ 



^ I on A^,';. 



We also define on S{c) the vector field W by 

if M G 5(c)\5(c 



(3.4) iy(n) = <' -9i^)wW^^i^^S{c) 



and the pseudo gradient flow 
(3.5) 



d 



^^r]it,u) = Wiv{t,u)) 
77(0, u) = u. 

The existence of a unique solution f]{t,-) of (13. 5 p defined for all t G M follows 
from standard arguments and we refer to Lemma 5 in |9] for this. Let us recall 
some of its basic properties that will be useful to us 
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• r]{t, ■) is a homeomorphism of S{c); 

• r){t,u) = u for alH G R if -7(0)! > 2/i; 

• jiF{ri{t, u)) = {dF{7]{t, u)), W{r]{t, u))) < for alH G M and u E S{c). 
Proof of Lemma \3.1\ : Let us define, for fi > 0, 

A^ = {ue S{c) s.t. \F{u) - 7(c) I < /i, dist{u, V{c)) < 2/i} . 

In order to prove Lemma [3TT] we argue by contradiction assuming that there exists 
fi G (0,7(c)/4) such that 

(3.6) « G n 5(0, 3i?o) ^ \\F'\sic){u)\\H-i>2fi. 
Then it follows from (13. 3 P that 

(3.7) ueA-^D 5(0, 3Ro) ^uENp. 
Also notice that, since by (13. 5p . 

\\-^r]{t,u)\\<l, Vt > 0, Vm G 5(c), 

there exists Sq > depending on ft > such that, for all s E (0, Sq), 

(3.8) u G A| n B{0, 2Ro) =^ r/(s, u) E B{0, SRq) and dist{r]{s, u), V{c)) < 2/i. 

We claim that, taking e > sufficiently small, we can construct a path gs{t) E Fc 
such that 

max FiqJt) < 7(c) + e 

tG[0,l] ^ - 'w 

and 

(3.9) F{g,{t)) > 7(c) =^ g,{t) G A| n 5(0, 2Ro). 

Indeed, for e > small, let u E V{c) be such that F{u) < 7(c) + e and consider 
the path defined in Lemma [2.31 by 

(3.10) ge{t) = for t E [0, 1]. 
Clearly 

max F{gs{t)) < 7(c) + e. 
te[o,i] 

Also for t* > such that (1 - t*)Ai + t*A2 = 1 we have, since ge(tl) E V{c), that 

(3.11) ^F(^/,(s))|,. = -^B{u) - ^{p - 2)(5 - ^p)Ciu) < -Ck, < 

where /cq > is given in Lemma 12.11 (2). The estimate (13. lip is uniform with 
respect to the choice of e > and of m G V{c). Thus, by Taylor's formula, it is 
readily seen that 

{t E [0, 1] : F{g,{t)) > 7(c)} C ^ - a^X + «.] 
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for some > with — )■ as £ — )■ 0. The claim (13.10p follows for continuity 
arguments. 

We fix a e G (0, such that (13.91) hold. Applying the pseudo gradient flow, 

constructed with /i > 0, on gs{t) we see that 77(5, G for all s > 0. Indeed 

ri{s,u) = u for all s > if \F{u) — 7(c) | > 2/2 and we conclude by Remark [2TT1 

Ae 

We claim that taking s* := — < Sq 

^^ 

(3.12) max F(r/(s*,^?,(t)))< 7(c). 

*G[0,1] 

If ( ]3.12p hold we have a contradiction with the definition of 7(c) and thus the 
lemma is proved. To prove (13.121) for simplicity we set w = Qeit) where t G [0, 1]. 
If F{w) < 7(c) there is nothing to prove since then F{ri{s*, w) < F{w) < 7(c) for 
any s > 0. If F{w) > 7(c) we assume by contradiction that F(?7(s, w)) > 7(c) for 
all s G [0,s*]. Then by and ([33]), ri{s,w) G A^n5(0,3i?o) for all s G [0,s*]. 
In particular ||F(?7(s, w))|| > 2/2 and g{ri{s,w)) = 1 for all s G [0,s*]. Thus 

^F{rj{s, w)) = {dF{rj{s, w)), -7^}^^^)- 
ds \\Y[ri{t,u))\\ 

Ae 

By integration, and since s* = — , we get 

/i 

F(r/(s*, w)) < F{w) - fis* < (7(c) +e)-2e< 7(c) - e. 
This proves the claim (I3.12p and the lemma. □ 

Lemma 3.2. Let p G (y,6), then there exists a sequence {un} C S{c) and a 
constant a > fulfilling 

g(n„) = o(l), F(n„) = 7(c) + 0(1), 

||^'|5(c)(^in.)||//-i = 0(1), ||n„|| < a. 

Proof. First let us consider {«„,} C S{c) such that C B{0,3Ro), 

dist{un,Vic))=o{l), |F(n„)-7(c)| = 0(1), \\F' \s{c){un)\\H~^ =0(1). 

Such sequence exists thanks to Lemma [3. 1[ To prove the lemma we just have to 
show that Q{un) = o(l). It is readily checked that ||(i(5(-)||H-i is bounded on any 
bounded set of H^{E?) and thus in particular on -8(0, 3-Ro)- Now, for any G N 
and any w G V{c) we can write 

Qiun) = Q{w) + dQ{aUn + (1 - a)w){un - w) 
where a G [0, 1]. Thus since Q{w) = we have 

(3.13) \Q{un)\< max \\dQ\\H-AWn - w\\- 
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Finally choosing {wm} C V{c) such that 

\\un — — ^ dist{un, V (c)) as m — oo, 
since dist{un, V{c)) — we obtain from (13.13^ that Q{un) = o(l). □ 

4. Compactness of our Palais-Smale sequence 

Proposition 4.1. Let {vn} C S{c) be a bounded Palais-Smale for F{u) restricted 
to S{c) such that F{vn) — > 7(c). Then there is a sequence {A„} C M, such that, 
up to a subsequence: 

(1) Vn ^ Vc weakly in H^{E?); 

(2) \n \c m M; 

(3) -AVn - XnVn + {\x\~^ * \Vnf)Vn ' |t^n|^"'^^„ -> m //-^(R^); 

(4) -AVn - XcVn + {\X\"^ * \Vnf)Vn " Kl^'^Vn ^0 m R-^^^); 

(5) -Avc - XcVc + (kr^ * \vc\^)vc - \vc\P"^Ve = m H-\M:^). 

Proof. Point (1) is trivial. Since {vn} C i/^(M'^) is bounded, following Berestycki 
and Lions (see Lemma 3 in [9j), we know that: 

F'\sic){vn) inH-'iW') 

^ F'{Vn) - {F'{Vn),Vn)Vn ^ in H^^W"). 



e), 



Thus, for any w G 

{F'{vn) - {F'{vn),Vn)vn,w) = Vv^Vwdx + / -Vn{y)w{y)dxdy 



'r3 \x — y\ 

Y'~'^VnWdx — Xn Vn{x)w{x)dx, 



with 

^A^\ \ ^ /iiv7 112,/" f l^n(a:)|V(a;)^ , , . 
(4.1) A„ = - — [Pi llVt^lla + / / . . dxdy-\\vn\ 

WVnh ^ Jr-^ ilR3 F - y\ 

Thus we obtain (3) with {A„} C M defined by dH]). If (2) holds then (4) fol- 
lows immediately from (3). To prove (2), it is enough to verify that {A„} C M 
is bounded. But since {vn} C H^(M^) is bounded, by the Hardy-Littlewood- 
Sobolev inequality and Gagliardo-Nirenberg inequality, it is easy to see that all 
terms in the RHS of fl4.1l) are bounded. Finally we refer to Lemma 2.2 in ^3] for 
a proof of (5). □ 

Lemma 4.1. Let p G (^,6) and C S{c) be a bounded sequence such that 

Q{un) = o(l) and F{un) — )■ 7(c) with 7(c) > 0, 

then, up to a subsequence and up to translation Un u 0. 
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Proof. If the lemma does not hold it means by standard arguments that C 
S{c) is vanishing and thus that C(u„) = o(l) (see [2S])- Thus let us argue 
by contradiction assuming that C(m„) = o(l), i.e. that, since Q{un) = o(l), 
A{un) + \B{un) = 0(1). Now from (13. ip we immediately deduce that F{un) = o(l) 
and this contradicts the assumption that F{un) 7(c) > 0. □ 

Lemma 4.2. Let p & (f '6); A G M. If v ^ H^{R^) is a weak solution of 

(4.2) - Av + {\x\^^ * \v\^) V - = Xv 

then Q{v) = 0. Moreover if X>0, there exists a constant Cq > independent on 
A G M such that the only solution of (14.21) fulfilling ||f II2 < Cq is the null function. 

Proof. The following Pohozaev type identity holds for v G H^{M.^) weak solution 
of dilD, see [H], 

2 JiR3 4 Jjj3 Jms \x-y\ p 2 Jjj3 

By multiplying (14. 2 p by and integrating we derive a second identity 

\Vv\'dx+ f f M^tM^rf^rf^. / \y\Pdx = x[ \vfdx. 



With simple calculus we obtain the following relations 

(4.3) ^ . . 

{P^)A{v) + {'-P^)^ = XD{v). 
^3p-6' ^ ' ^ 3p-6' 2 ^ ' 

The first relation of (14. 3 p is Q{v) = 0. This identity together with the Gagliardo- 
Nirenberg inequality assures the existence of a constant C{p) such that 

(4.4) A{v) - C{p)A{v)^D{vy-^ < A{v) + 3 (^^] C{v) < 0, 



2p 



i.e 

(4.5) Aiv)'-^ < C{p)D{v) 



Now we recall that by the Hardy-Littlehood-Sobolev inequality and the Gagliardo- 
Nirenberg inequality we have 

(4.6) B{v) <CA{vy^D{v)l, 
then, from the second relation of (14. 3 p we obtain 

(4.7) XD{v) < {^^)A{v) + C{p)A{vfw{v)l. 

3p — 
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Notice that (14. 5 p tells us that, for any solution u of (14. 2p with small L^-norm, 
A{u) must be large. This fact assures that the left hand side of fl4.7p cannot be 
non negative when D{v) is sufficiently small. □ 

Lemma 4.3. Let p G (y,6). Assume that the bounded Palais-Smale sequence 
{un} C S{c) given by Lemma \3. 2\ is weakly convergent, up to translations, to the 
nonzero function u. Moreover assume that 

(4.8) VciG(0,c), 7(ci)>7(c). 

Then — n|| 0. In particular it follows that u G S{c) and F{u) = 7(c). 
Proof Let T(n) := lB{u) + ^Ciu) such that 

(4.9) F{u):=^\\Vu\\l + T{u). 

In [5] or [35] it is shown that the nonlinear term T fulfills the following splitting 
properties of Brezis-Lieb type (see [ID]), 

(4.10) T(n„-n)+T(n) =T(n„) + o(l). 

We argue by contradiction and assume that ci = ||u||2 < c. Since Un — u ^ 0, 

\\Un - U\\l + \\u\\l = \\Un\\l + o(l). 

Since {«„} C H^{M.^) is a bounded PS sequence at the mountain pass level, we 
get 

-\\VuJl + T{un) =7{c) + o{l) 
and by ( I4.10p . we deduce also 

^\\V{Un - U)\\l + ^11 Vm||^ + T{Un -U)+ T{u) = 7(c) + o(l). 

Thanks to Lemmas 14. II and 14. 21 u G V{ci) and by Lemma [2.31 we get 

(4.11) F(u„-u)+7(ci) < 7(c) + 0(1). 
On the other hand, 

(4.12) F{un-u)-^^^—^Q{un-u) = _ 2° ^i^n - ^) + i2{p -2) ~ 
and 

(4.13) Q{un -u) = Qiun -u) + Q{u) = Qiun) + 0(1) = 0(1). 

lYioul (14A2|) and O we deduce that F(m„-m) > o(l). But then from (KlA) 
we obtain a contradiction with (14. 8p . This contradiction proves that ||n||2 = c 
and F{u) > 7(c). Now still by (14. lip we get F(m„ — u) < o(l) and thanks to 
( KWf and KT3\f A(m„ - u) = o(l). i.e || V(m„ - u)\\2 = o(l). □ 
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Lemma 4.4. Let p G (^,6). Assume that the bounded Palais-Smale sequence 
{un} C S{c) given by Lemma WT^ is weakly convergent, up to translations, to the 
nonzero function u. Moreover assume that 

(4.14) Vci e (0,c), 7(ci) >7(c) 



and that the Lagrange multiplier given by Proposition 4-1 fulfills 

Then — mH — 0. In particular it follows that u G S{c) and F{u) = 7(c). 
Proof. Let us argue as in Lemma [4.31 We obtain again 

F(K-n))+7(ci) < 7(c) + 0(1), 
7-,/ ^\ 2 _ 3p— 10 ,, 3p — 8 

and 

(5(Mn - m) = QiUn - u) + Q{u) = Q{Un) + o(l) = o(l). 

Thanks to fl4.14p we conclude that 

3p-10 3p-8 ^, 

^^A(n„ - n) + Y^(^5(nn - n) = o(l). 

Then 

(4.15) A{un — u) = 0(1), B{un — u) = 0(1) and also C(u„ — n) = o(l), 
since (^(Mn — u) = o(l). Now we use (5) of Proposition 14.11 i.e 

A{Un) - \cD{Un) + B{Un) + C{Un) = A{u) - \cD{u) + B{u) + C(m) + o(l). 

Thanks to the splitting properties of A{u), B{u), C{u) and to fl4.15p we get 

-\cD{un) = -XcD{u) + o{l), 

which implies D{un — u) = o(l), i.e ||un — ^t||2 = o(l). From this point we conclude 
as in the proof of Lemma 14. 3[ □ 

Admitting for the moment that c — )■ 7(c) is non-increasing (we shall prove it 
in the next section) we can now complete the proof of Theorem 11.11 

Proof of Theorem By Lemmas 13.21 and 14.11 there exists a bounded Palais- 
Smale sequence C S{c) such that, up to translation, Un ^ Uc 0. Thus, by 
Proposition 14. II there exists a Ac G M such that {uc, Ac) G i/^(]R^)\{0} x M solves 
(11.21) . Now by Lemma l42l there exists a cq > such that Ac < if c G (0,co). 
Also we know from Theorem 11.21 (ii) that (14.141) holds. At this point the proof 
follows from Lemma [4.41 □ 
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5. The behaviour of c 7(c) 
In this section we give the proof of Theorem II. 2[ Let us denote 

(5.1) 71(c) = inf maxF(n*), 

u&S{c) t>0 

and 

(5.2) 72(c) = inf F(n). 

uGV{c) 

Lemma 5.1. For p G (y,6), we have: 

7(c) = 7i(c) = 72(c). 

Proof. When p G (y,6), from Lemma [2.31 we know that 7(c) = 72(c). In ad- 
dition, by Lemma 12.21 it is clear that for any u G S{c), there exists a unique 
to > 0, such that G V{c) and maX(>o-F(u*) = F{u^") > 72(c), thus we get 
7i(c) > 72(c). Meanwhile, for any u G V{c), maxtyo F (ut) = F{u) and this 
readily implies that 71(c) < 72(c). Thus we conclude that 71(c) = 72(c). □ 

Lemma 5.2. We denote 

f{a, b, c) = max |a ■ + 6 ■ t - c ■ t5(p-2)| ^ 

where p G (y,6) and a > 0,b > 0,c > which are totally independent oft. 
Then the function: {a,b,c) 1 — > f{a,b,c) is continuous in x WL x (here 
we denote Mi the non negative real number set). 

Proof Let g{a, b, c,t) = a ■ t"^ + b ■ t - c ■ ti^^-^), then 

dtg{a,b,c,t) = 2a ■ t + b - ^{p - 2) ■ c ■ t^ , 

2 / , 3p — 6 3p — 8 3p-io 
Ou9{a',b,c,t) = 2a c-t 2 . 

It's not difficult to see that for any (00,^0, cq) with oq > 0,bo > 0,cq > 0, there 
exists a unique ti > 0, such that dtg{ao,b(),co,ti) = and dffg{ao,bo,co,ti) < 0, 
thus f{ao, bo, cq) = g{ao, bo, cq, ti). Then applying the Imphcit Function Theorem 
to the function dtg{a, b, c, t), we deduce the existence of a continuous function t = 
t{a, b, c) in some neighborhood O of (oq, bo, Cq) that satisfies dtg{a, b, c, t{a, b, c)) = 
0, df^g{a,b,c,t{a,b,c)) < 0. Thus f{a,b,c) = g{a,b,c,t{a,b,c)) in O. Now since 
the function g{a, b, c, t) is continuous in (a, b, c, t), it follows that /(a, b, c) is con- 
tinuous in (ao,&0)Co). The point {aQ,bo,Co) being arbitrary this concludes the 
proof. □ 

Lemma 5.3. Whenp G (y,6), the function c H- 7(c) is non increasing for c > 0. 
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Proof. To show that c ^ 7(c) is non increasing, it is enough to verify that: for 
any Ci < C2 and e > arbitrary, we have 

(5.3) 7(c2)<7(ci)+£. 

By definition of 72(01), there exists Ui G V{ci) such that F{ui) < 72(01) + |. 
Thus by Lemma I5.H we have 

(5.4) F(«i) < 7(ci) + I 
and also 

(5.5) Fiui) = max F(u\). 

We truncate Ui into a function with compact support Ui as follows. Let rj G 
C^(M3) be radial and such that 

f 1, \x\ < 1, 

r]{x) = < G [0,1], 1 < |x| < 2, 
( 0, > 2. 

For any small 5 > 0, let 

(5.6) ui{x) = ri{6x) ■ ui{x) . 

It is standard to show that ui{x) Ui{x) in H^{M.^) as 5 — )■ 0. Then, by conti- 
nuity, we have, as 5 — )■ 0, 

(5.7) A{ui) A{ui), B{ui) B{ui) and C{ui) C{ui). 

At this point applying Lemma I5.2[ we deduce that there exists 6 > small 



enough, such that 

maxF(M*) = max\-A(ui)+tB(ui)+t-^^P~^^C(ui)} 



< max|-A(ni)+tB(ui)+tt(^'"2)C(ni)) ^ 
t>o 12 ) 



4 



e 



(5.8) = maxF(M*; , ^ 



Now let v{x) G C^(M^) be radial and such that supp v C B2R^+i\B2Rg. Here 
supp V denotes the support of v and -R5 = |. Then we define 

^'O = (C2 - ||^^l||2)/ll^'ll2 ■ ^ 

for which we have ||fo||2 = ^2 — H^iHi- Finally letting = X^vq{Xx), for A G (0,1), 
we have \\v^\\l = \\vo\\l and 

(5.9) Aiv^) = \^ ■ A{vo), B{v^) = A ■ B{v,) and C{vl) = aK^'-^) . c[v^). 
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Now for any A G (0, 1) we define wx = ui + Vq. We observe that 

2 2 

(5.10) dist{supp Ml, SUpp Vq} > — Rs = ^(-r — 1). 

A A 

Thus ||ti'A||2 = ll^illi + 11^0 II2 ^iid Wx G S{c2). Also 

(5.11) A{wx) = A{ui) + A{v^) and C{wx) = C(ui) + C{v^). 
We claim that, for any A G (0, 1) , 

(5.12) \Biwx) - B{u,) - B{vl)\ < A Wu^Wl ■ Wv^g. 
Indeed, from fl5.10p . 

{u, + v^)^ (x) = ulix) + {v^f (x), {u, + v^Y (y) = ^l(y) + W)' (y)- 

Thus 

JR3 F - ?/l 





\x-y\ Jr^Jr3 \x-y\ 



\x - y\ 



-dxdy 



ilRsiRa \x-y\ 

with 

■ K)'(y) , , f f ^li^)-M'iy) , , 

dxdy = / j j dxdy 




y\ J supp ui J supp Vq I"^ y\ 



- 0(0- \\ I ^ I ul{x) ■ {v^Y {y)dxdy 

\ ^/ J supp Ul J supp Vq 





5\ 



2 IL.A||2 

I I 7 > -1 I I 

2(2- A) 

^ ll~ l|2 II A||2 
ll?/,i II ""• " 

2 



< — TT IP1II2 • IF0II2 



< - IkiL • roii2 



and then fl5.12p holds. Now from fl5.1ip . f l5.12p and using (15. 9p we see that 

(5.13) A{wx) A{ui), B{wx) ^ B{ui) and C{wx) ^ C(mi), as A ^ 0. 
Thus from Lemma [5.21 we have that, fixing A > small enough, 

(5.14) m.&yiFiw\) < maxF(Mi) + -. 
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Now, using Lemma Em (15 .Ml) . (15. Sp . (15 ■5p and (15. 4 p we have that 
7(02) < max F(wx) < max F(u\) + ^ 

< maxF(ni) + - 
t>o 2 

= + | <7(ci) + £ 

and this ends the proof. □ 
Lemma 5.4. When p E 6), c 1— )■ 7(c) zs continuous at each c > 0. 



Proof. Since, by Lemma [5.31 c — > 7(c) is non increasing proving that it is contin- 
uous at c > is equivalent to show that for any sequence c„ 

(5.15) 7(c) < hm 7(cn). 

Let 5 > be arbitrary but fixed. By Lemma 12.31 we know that there exists 
Un G V{cn) such that 

(5.16) F{un) < 7(c„) + |. 

We define Un = f- ■ Un ■= Pn ■ Un- Then n„ G S{c) and pn — ^ 1^- In addition 
7(c) < maxF('u*) 

i\ J — \ n/ 

2 3p— 6 

(5.17) = ma^{LplA[un) + -^pt,B{un) + ^-^fiC{un)}. 

Since u„ G \^(c„) and c„ — )■ c"*", using the identity 

2 3r} — 10 3r) — 8 

(5.18) FiUn) -, zQiUn) = -T ^A(Un) + ^BiUn), 

V ; \ n) 3(p_2)^^ ^ 6(p-2) ^ ^ 12(p-2) ^ 

it is not difficuh to check that A{un), B{un) and C{un) are bounded both from 
above and from zero. Thus without restriction we can get that 

A{un) ^ A > 0, 5(n„) ^ B > and C(n„) ^ C < 0. 

Indeed, A>0,-B>0,C<0 are trivial and it is also easy to verify by contradic- 
tion that A ^ 0, C ^ from (gl]), (ISlTSD and the fact 

\ 3n — 6 

Q(U„) = A(U„) + -B{Un) + -4: C{Un) = 0. 

4 /p 
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Now recording that pn 1~, using Lemma [5.21 twice . we get from fl5.17p . for any 
n G N sufficiently large 

maxF(n*) < max{(|)t2 + - (-^)ti(--2)} + | 

< niax{(^)t2 + (:^)t-(-^l^)ti(^-2)} + - 
- t>o 2 ^ ^ 4 ^ ^ p ' ^2 

(5.19) = maxF(<) + | = FK) + |. 

Now from (15. 16^ and (15. 19^ it follows that 7(c) < 7(0^) +£ for n G N large enough 
and since e > is arbitrary (I5.15P holds. □ 

Lemma 5.5. Let p ^ (^,6) and (n^, Ae) G H^iW^) x M* solves 

-Av - \v + (|x|"^ * \vf)v - \v\P~^v = in 

with F{uc) = miu^v{c)F{u) = 7(c). Then if \c < (\c > 0) the function 
c — )■ 7(c) is strictly decreasing (increasing) in a neighborhood of c. 

Proof. The proof follows as a consequence of the implicit function theorem. 

3 1 

Let us consider the following rescaled functions Utfi{x) = 62t2Uc{9x) G S{tc) with 
6 G (0, 00) and t G (0, 00). We define the following quantities 

(5.20) a{t,d) = F{utfi), 

(5.21) P{t,e) = Q{ut,e). 
Simple calculus shows that 

(5.22) = 1 (A(u,) + B{u,) + C{u,)) = 

(5.23) ^ 

c)Q 1(1,1) o^Q 1(1,1) 

Following the classical Lagrange Theorem we get, for any bi G M, (Jg G M, 

(5.24) a(l+i,.l + «=a(l.l)+i,^ + 

l(t,9) l(t,9) 

where 1 1 — 1 1 < 1 5t | and 1 1 — ^| < | I ? and by continuity, for sufficiently small 
(5t > and sufficiently small 

(5.25) a(l + (5t,l + ^0) < a(l,l) if < 

(5.26) «(1 l + 5e) < a(l,l) if A^ > 0. 

To conclude the proof it is enough to show that f3{t,u) = in a neighborhood 
of (1, 1) is the graph of a function g : [1 — e,l + e] — )• R with 5 > 0, such that 
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f3{t, g{t)) = for t G [1 — e, 1 + e]. Indeed in this case we have when Ac < by 
7((1 + b)c) = inf F{u) < F(ni+,,,(n.,)) < F{u,) = 7(c) 

uGV{{l+e)c) 

and wlien Ac > we have by fl5.26p 

7((1 - e)c) = inf F{u) < < F{u,) = 7(c). 

u£V((l—e)c) 

To show the graph property by the Imphcit Function Theorem it is sufficient to 
show that 

(5.27) ^ ^0. 



9^ 1(1,1) 



By simple calculus we get 



.2^K)H-^?(i^H-i(5(p-2))=CK). 

do 1(1,1) 4 p 2 

Using the fact that Q{uc) = we then obtain 
Then, since p > y we see that to have 

1(1,1) 

necessarily A{uc) = and B{uc) = 0. Thus the derivative is never zero. □ 
Lemma 5.6. We have 7(c) -^00 as c — 0. 

Proof. By Theorem II .11 we know that for any c > sufficiently small there exists a 
couple (mc, Ac) e H^{R^) x M" solution of (fr2l) with ||mc||2 = c and F{uc) = 7(c). 



In addition by Lemma HUl Q{uc) = 0. Thus Uc E H^{W) fulfills 

(5.28) = g(Mc) = A{u,) + ]b{u,) + ^^P^C{u,) 

4 2p 

(5.29) 7(c) = F{u,) = Ia{u,) + ]b{u,) + -C{u,). 

2 4 p 

We deduce from f l5.28p that A{uc) < — ■^^^^C(uc) and thus it follows from 
Gagliardo-Nirenberg inequality that 



Vucll^ < ^^^^\\uX < C{p) ■ llVn 



3(p-2) 6-p 
C1I2 ^ ■ ll^c||2^ 5 



EXISTENCE AND INSTABILITY OF STANDING WAVES 



25 



i.e 



(5.30) 1 < C{p) ■ IIVmcL ' 



Since p G (y , 6), we obtain that 

(5.31) l|Vnc||2 oo, as c — )■ 0. 
Now from f l5.28p and fl5.29p we deduce that 

(5.32) ,(c) = FM = ^^AM + 

and thus from (15.311) we get immediately that 7(c) — )■ 00 as c — ?■ 0. □ 

6. Proof of Theorem 11.41 and Lemma 11.11 

In this section we prove Theorem 11.41 Let us first show 

Lemma 6.1. Let p G (y,6), for each Uc G M.c there exists a Ac G M such that 
(ucAc) G H^{^^) X M solves / fT^) . 

Proof. From Lagrange multipher theory, to prove the lemma, it suffices to show 
that any Uc G Aic is a critical point of F{u) constrained on S{c). 

Let Uc G A^c and assume, by contradiction, that ||F'|5'(c)(mc) ||h-i(ir3) 7^ 0. 
Then, by the continuity of F', there exist 5 > 0,yU > such that 

veBuX'i^) =^ \\F'\s{c){v)\\h-^{R3) > fx, 

where Bu^{d) := {v G S{c) : \\v — Uc\\ < S}. 

Let e := min{7(c)/4, /i5/8}. We claim that it is possible to construct a defor- 
mation on S{c) such that 

(i) 7]{^,v) = vifv^ F~\[^{c) - 25, 7(c) + 25]), 

(ii) r/(l,F^W+^n^«c(<^)) 

(iii) F{r]{l,v)) < F{v),y ve S{c). 

Here, F"^ := {u G S{c) : -F(tt) < rf}. For this we use the pseudo gradient fiow on 
S{c) defined in (13.51) but where now g : S{c) — )■ [0, 6] satisfies 

S iive B^^{25)nF~\b{c) - £,7(c) + e]) 
if u ^ F-i( [7(c) - 2e, 7(c) + 2e]). 



With this definition clearly (i) and (iii) hold. To prove (ii) first observe that if 
y e f]5„^(5), then r]{t,v) G B^^{26) for all t G [0, 1]. Indeed 

< / \\givis,v))\\ds <t5 < 6. 
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In particular for s G [0, 1], (7(77(5, t")) = 5 as long as F{ri{s,v)) > 7(c) — e. Thus if 
we assume that there exists a f G F"'^^^^^ f] Bu^[5) such that F{r]{l, v)) > 7(c) —e 
we have 

F{r]{l,v)) = Fiv) + -F{rj{t,v))dt 

= F{v) + l\dF{r^{t, v)), -givit, ^))^||^)^^ 

< Fiv)-^<^{c) + s-^<^{c)-e, 
i.e. 77(1,!') G F"'^'^^"'^. This contradiction proves that (ii) also hold. 

Now let (7 G Fc be the path constructed in the proof of Lemma 12.31 by choosing 
V = Uc & V (c) . We claim that 

(6.1) max F(r7(l,(7(t)))< 7(c). 

By (i) and Remark 12. II we have 77(1, (^(t)) G Fc. Thus if (16. ip holds, it contradicts 
the definition of 7(c). To prove (16. ip . we distinguish three cases: 

a) If g{t) G S{c) \ i?„^(5), then using (iii) and Lemma I2l2] (6), 

F(77(l,(7(t)))<F(^(t))<F(«,)=7(c). 

b) If g{t) G then by (iii) 

F{r]{l,gm<F{g{t))<^ic)-e. 

c) If g{t) G F-i([7(c) - £,7(c) + e]) n5«.(^), then by (ii) 

F{r]il,g{t)))<^ic)-e. 

Note that since F{g{t)) < 7(c), for all t G [0, 1] one of the three cases above must 
occurs. This proves that (16. ip hold and the proof of the lemma is completed. □ 

Proof of Theorem \1.4\ We know from Lemma [6.11 that to each Uc G M.c is asso- 
ciated a Ac G M such that (mc, Ac) G if^(M^) x M is solution of (II. 2p . Now using 
Lemmas 15.31 and 15.51 we deduce that necessarily Ac < 0. □ 

In view of Theorem 11.41 it is reasonable to wonder if a solution of (II. 2p may 
exists for a A > 0. In that direction we have 

Lemma 6.2. We assume that p G (3, 6) and A > 0, then the equation 
-Av - \v + {\x\~'^ *\vf )v - \v\P~'^v = m 



has only trivial solution in 

To prove Lemma 16.21 we use the following result due to Kato. 
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Lemma 6.3. (Kato [2I]j If we assume that the radial function q{r) satisfies 
q{r) = o(r^^) as r ^ oo and that m > is a constant then the equation 

(6.2) — At; + q{r)v = mv, 
has no nontrivial solution in Hi' 
Proof of the Lemma \6.S[ We change the equation into the form of (16. 2p : 

(6.3) — Av + q{r)v = XcV, 

where here q{r) = \x\~^ * — To prove this lemma it suffices to verify 

the condition g(r) = o(r~^) as r — j- oo. By the results of [M] on the decay of 
radial functions there exists a c > 0, such that 

\v(x)\ < c ■ llt'll ■ — — , Ixl > 1. 
\x\ 

Thus since p > 3 it follows that 

|f(a:;)|^~^ < c ■ ||f ||^~^ ■ -j — j-, when |x| > is large. 
Now for any radial function f{x) = /(|x|) by the Newton's Theorem, see [26] . 



\x-y\^-'^ iiRiv max{|x|, |?/|} 



Thus we have 



\x\ \x\ 





\v{\y\)\ 


2 


max{ X 




\y\} 



Hence 



|g(r)| < ||a;|"^ * It^l^l + 

< 7-7(11^112 + c- 11^11^"^), for |x| > large, 



and q{r) = o(r ^) as r — t- 00. □ 

Proof of LemmallJi Let Uc G H'^{R^,C) with Uc G V{c). Since ||V|mc|||2 < 
||Vmc||2 we have that F(|-Uc|) < F{uc) and Q(|mc|) < Qiuc) = 0. In addition, by 
Lemma 2.2, there exists to G (0, 1] such that Q{\uc\*'°) = 0. We claim that 

(6.4) F{\uc\"')<to-F{u,). 



28 JACOPO BELLAZZINI, LOUIS JEANJEAN, AND TINGJIAN LUO 

Indeed, due (12. 2p and since Q{\uc\^") = Q{uc) = 0, we have 

F{M") = tl-^^^\\V\u,\\\l + to-^^^T{\u,\) 
K\ c\ J 6(p_2)" ' ^'"2 12(p-2) ^' 

/ 3p- 10 2 , 3p-8 



6(p-2)" ' 12(|>-2)' 
/3p-10 ||2^ 3p-8 

< tn ■ T VUc 9 H z ri 

- " \6{p-2) " 12(p- 2) ^ 

Thus if Uc G i/^(]R^, C) is a minimizer of -F(it) on V{c) we have 

FK)= inf <F(|n,|*°) <to-i"K), 
ugy{c) 

which imphes to = 1 since to ^ (0, !]• Then Qdwd) = and we conclude that 

(6.5) ||V|Me|||2 = ||Vn,||2 and F{\u,\) = F{u,). 

Thus point (i) follows. Now since \uc\ is a minimizer of F{u) on V{c) we know by 
Theorem II .41 that it satisfies (II. 2p for some Ac < 0. By elliptic regularity theory 
and the maximum principle it follows that \uc\ G C^(]R^,M) and \uc\ > 0. At this 
point, using that ||V|mc|||2 = ||Vmc||2 the rest of the proof of point (ii) is exactly 
the same as in the proof of Theorem 4.1 of [T8j. □ 



7. Proof of Theorems 11.21 and 11.31 

In [in] the authors consider the functional F{u) as a free functional defined in 
the real space 

E := {u e D''\R') : / / ^^-j^l^dxdy < 00} 



\x - y\ 



equipped with the norm 



\u\\E:=i I \Vu{x)\'dx+( I I "ip^^dxdy] 



1 1 
2X2 



\x - y\ 

Clearly /J^(R'^,]R) C E. They show, see Theorem 1.1 and Proposition 3.4 in [19] , 
that F{u) has in a least energy solution whose energy is given by the mountain 
pass level 

(7.1) m := inf max Fh(t)) > 

7erte[o,i] 

where 

P := {7 G C([0, 1], E), 7(0) = 0, F(7(l)) < 0}. 
Lemma 7.1. For any c > we have 7(c) > m where m > is given in ( [7. i[ ). 
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Proof. We fix an arbitrary c > 0. From Lemma [1.11 we know that the infimum of 
F[u) on V{c) is reached by real functions. As a consequence in the definition of 
7(c), see in particular f lS.ip . we can restrict ourself to paths in H^(M.^ , M) instead 
of if^(R^, C). To prove the lemma it suffices to show that for any g ^ there 
exists a 7 G r such that 

(7.2) max F(g(t)) > max F(-f(t)). 

^ ' te[o,i] ^""^ - te[o,i] 

Let V ^ S[c) be arbitrary but fixed. Letting v^{x) = 9^v{9x) we have G S{c) 
for any ^ > 0. Also taking 6' > sufficiently small, G A^^- Now for g (^Tc 
arbitrary but fixed, let 76i(t) G C{\\,\\,Ak^) satisfies 76)(|) = i'^,7e(|) = fi'(O), 
and consider 7(t) given by 



lit) 



Since S{c) C H^{E^) <Z E hy construction 7 G F. Now direct calculations show 
that, taking 6' > small enough, F{Atv^) < F{v^) for any t G [0, Thus 

max F('~f(t)) = max F('~f(t)). 

*G[0,1] tg[i,l] 

Recalling that 7e(t) G for any t G [|, |], we conclude from Theorem 12 . 1 1 that 

max F('-f(t)) = max F('~f(t)) = max Figit)) 
te[o,i] tg[i,i] t6[o,i] 

and (17.21) holds. This proves the lemma. 

□ 

Lemma 7.2. There exists 7(00) > such that 7(c) — )■ 7(00) as c ^ 00. 

Proof. The existence of a limit follows directly from the fact that c — )■ 7(c) is 
non-increasing. Now because of Lemma [7. II the limit is strictly positive. □ 

Proof of Theorem \1.3[ As we already mentioned this proof is largely due to L. 
Dupaigne. It also uses arguments from [12] and We divide the proof into 
two steps. 

Step 1: Regularity and vanishing: let (m. A) with u E E and A < solves (II. 2p . 
then u G L°°(M3) C'1(M3) and u{x) 0, as |x| 00. 

We set 0n(x) = * u^. Clearly since u e E then 0„ G /^-'^'^(M^). We denote 

H = -A + {1 - A). Since A < 0, H-^ exists in L'^iM.^) for all r] G (1, 00). The 
operators H and —A being closed in L''(M^) with domain D[H) C Z^(— A), it 
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follows from the Closed Graph Theorem that there exists a constant C > such 
that 

(7.3) ||An||^ < Clli/nll^, 
for any u G D{H). Now we write (11. 2p as 

(7.4) u = H-\ - H-\(f)uu) + H~Wu\P-\) 
and we claim that 

(7.5) eL^n L°°(M^) and H~\(f)uu) e n L°°(M3). 

Indeed, u G L'^(M'^) for all q G [3,6], see [32], and from (17.31) and Sobolev's 
embedding theorem, we obtain 

(7.6) H~^u G W^'''{m:^) ^ L°°(M3), V g G [3, 6]. 

Now since 0„ G ^'^'^(M^) --^ L^(M.^), by Holder inequality, 0„m G L*(]R^) holds for 
any t G [2,3] and we have 

(7.7) H-\(f)uu) G W'^'\M.^) ^ L°°(M3), V t G [2, 3]. 
At this point the claim is proved. Next we denote 

(7.8) v:= u + H^\(l)uu) - H^\. 

By interpolation, and using (17.51) . we see that v G L'^{M.^) for all q G [3,6]. Now 
since m G L«(]R^), for all g G [3, 6], fTTD implies that 

(7.9) Hv = \u\P~\ e L^{W^). 

By (17. 3p and Sobolev's embedding theorem, we conclude from (17. 9p that 

(7.10) V G L7M^), for all r > such that - > - -. 

p — 1 r q 3 

Next we follow the arguments of Cazenave [12] to increase the index r. 
For j > 0, we define rj as: 

1 _ _^ . 2 ^.^^ ^ _ 2 _ 1 

— -- [P- ) + 3(p_2)' ~ 3(p - 2) ^ p' 

Since p G [3, 6), then 5 > and ^ is decreasing with ^ — — oo as j — )■ oo. Thus 
there exists some k > such that 

- > for 0<i<k; < 0. 

Now we claim that v G L''''(]R^). Indeed, ro = p as j = and it is trivial that 
V G L^o(M3). If we assume that v G L'''{R^) for < i < A;, then by (EHD and 
we have u G L'''(M^). Thus following (17.101) we obtain 



w G L'iW), for all r > — — such that - > 



p-1 r Ti 3 Ti+i 
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In particular, v G L'"'+^(R'^) and we conclude this claim by induction. Now since 
V e L^'=(M3) it follows from ([7S]) and ([73]) that u G L^'^iR^) and we get that 

ru 1 V — 1 2 1 

V G LVM'^), for all r > — — such that - > = . 

p-l r rk 3 rfc+i 

Since l/r^+i < we obtain that v G n3<a<oo and thus also u G n3<a<+oo -^"(II^^)- 

At this point we have shown that 

Hu = u — (puU + \u\^~'^u 

with for all a G [3, oo], 

M G L° nL°°(M3), G and \u\v-'^u e H L'^iM?). 

Since G [3, 6] for a G [6, oo], by interpolation and f l7.3p we obtain that 

(7.11) MGiy^'?^(M^) for any aG[6,+oo]. 

Thus by Sobolev's embedding, u G L°°(M'^) C^(M'^). Also there exists a se- 
quence {un} C CliR^) such that u„ ^ u in PF^'^(R3). When a > 6, ly^'^(M^) 
L°°(M^). Thus Un —> u uniformly in and we conclude that u{x) — as 

\x\ —7- OO. 

Step 2: Exponential decay estimate. 

First we show that G C'^''''(]R'^), V7 G (0, 1) and that there exists a constant 
Co > such that 

C 

(7.12) > ^, for all Ixl > 1. 

Since 0„ G ©^'^(M^) solves the equation -A<l> = 47r|np and u G L'^(]R^) by 
elhptic regularity 0« G H^f^f (M^), Thus by Sobolev's embedding, 0„ G ^^'^(M^)^ 
V7 G (0, 1). In particular 

Cn = min0„(x) > 

where Bf> = {x G : |x| < R}. Indeed, if (pui^o) = at some point xq G 
with |xo| = 1, then u{x) = a.e. in M.^. 

Now for an arbitrary i?o > 0, let w;i — Then 

-Awi = iiiu'^ > 0, in Br^\Bi; 
wi > 0, on dBi, 

wi > , on OBr, 

and the maximum principle yields that 

C 

wi>--^, mBR^\Bi. 

Kq 
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Letting _Ro -> oo, it follows that wi > in \ Bi and thus (17.121) holds. 

Now we denote by u~^{u~) the positive (negative) part of u, namely u^{x) = 
max{-u(a;), 0} and u~{x) = max{— m(x), 0}. 

By Kato's inequality, we know that Au~^ > x[u > 0]Am, see [1]. Thus 

(7.13) - An+ - An+ + 0„ ■ n+ < (n+)P~^ in R\ 

Let us show that there exist constants C > and i?i > such that 

(7.14) u+(x) < C(pu{x) for |x| > Ri. 

To prove this, we consider W2 = — 4>u — ioi a. constant d > 0. Then fl7.13p 
and A < imply that 

-Aw2 < {u+y~^ - in |x| > 1. 

Since lim|a;|^oo '"(2^) — > and p > 3, then {u~^y~^ — Anu^ < holds in |a;| > Ri 
for some i?i > large enough. Thus for any R > Ri and taking d > large 
enough we have 

-Aw2<0, in Br\Br,; 

W2<0, on dBn^; 

W2 < laaxQBfiU^ — on OBr. 

Then by the maximum principle, we have W2 < maxg^^M^ — in Br \ Br^. 
Letting i? — )■ 00 we conclude that < in M? \ Br-^. This, together with f l7.12p . 
implies (I7l4ll . 

lYiom. fl7.13p we have for any o" > and since A < 0, 

_An+ + ^n+ < - + An+ + (n+)P-i 

\x\ \x\ 

(7.15) < - 0„ + («+)f-2^ 

Using (I7.12P and (I7.14p . for |x| > i?i > 1, by choosing < cr < Co, we have 

\X\ Oo 

< -(l-^)C-^n+ + (n+)-^ 

= [-{I - ^)C'' + {u^r') ■ u\ 

where (1 — ^)C^^ > 0. Since p > 3 and u{x) — )■ as \x\ — )■ 00, for Ri > 1 
sufficiently large, we obtain that —(1 — ^)C~^ + [u^Y~^ < in |x| > Ri. Thus 
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it follows from f lT.lSp that 



(7.16) -An+ + — n+<0, in W\Br^. 



\x\ 



If we denote Ci = maxg^^^ applying the maximum principle, we thus obtain 
(7.17) u+<Ci-w, mR^\BR^ 

where w is the radial solution of 



Aw + 


■0 = 0, 


if 


\x 


1 > Ri 


w{x) 


= 1, 


if 


\x 


1 — Ri 


w{x) 


^0, 


if 


\x\ 


— > oo 



Now w satisfies (cfr. [2] Section 4), 
(7.18) w{x) < n:^e-2^'^, V |a;| > R! 



\x 



for some C > 0, C > and R! > 0. 

Finally we observe that if n is a solution of (11. 2p . then —u is also a solution. 
Thus since u~ = {—u)~^, following the same arguments, we obtain that there 
exists a constant C2 > such that 

(7.19) u^<C2-w, mR^\BR^. 

Hence |n| = n+ + < {Ci + C2)w, in M'^ \ Br-^ for i?i > sufficiently large. 
At this point we see from (17.181) that u E E satisfies the exponential decay (11.61) . 
In particular u G L^(M^) and then also u G H^{M?). □ 

Lemma 7.3. There exists Cqo > such that for all c > Cqo the function 0—7-7(0) 
is constant. Also if for a c > Coo there exists a couple {uc, Xc) G iJ"'^(M'^) x M 
solution of (11.21) with \ \uc\\2 = c and F{uc) = 7(c) then necessarily Ac = 0. 

Proof. /^From Lemma [LT] and [I9] we know that there exists grounds states of the 
free functional F{u) which are real. From Theorem 11.31 we know that any ground 
state belongs to H^{M.^). Let Uq G H^(M.^) be one of these ground states and set 
Co = ll^lli- Then, by Lemma I4l2l uq G V{co) and using Lemma [711 we get 

F{uo) > 7(co) > m = F{uo). 

Thus necessarily 7(09) = m. Now since c — 7(c) is non increasing, still by Lemma 
O, we deduce that 7(c) = 7(00) for all c > Cq. Now let (m^, G i?^(]R^) x M be a 
solution of (11.21) with | l^d I2 = c and F{uc) = 7(c). It is not possible to have Ac > 
otherwise, by Lemma 15.51 the function c — )■ 7(c) would be strictly increasing 
around c > contradicting Lemma 15.31 Also Ac < is not possible since by 
Lemma (5.51 it would imply that c — 7(c) is strictly decreasing around c > in 
contradiction with the fact that it is constant. Then necessarily Ac = 0. □ 
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Remark 7.1. We see, from Theorem 11.41 and Lemma [7.31 that if 7(c) is reached, 
say by a Uc G iJ^(M'^) with c > large enough, then Uc is a ground state of F{u) 
defined on E. It is unlikely that ground states exist for an infinity of value of 
c > 0. So we conjecture that there exists a cum > such that for c > cum there 
are no critical points for F{u) constrained to S{c) at the ground state level 7(c). 

Proof of Theorem \1.2[ Obviously, points (i), (ii), (iv), (v) of Theorem 11.21 follow 
directly from Lemmas 15.31 15. 4[ 15. 6[ \7.2\ 17.31 and Lemmas 14. 2[ 15.51 conclude point 
(iii). □ 

8. Global existence and strong instability 

We introduce the following result about the locally well-posedness of the Cauchy 
problem to the equation f 1 1.1 1) (see Cazenave [12], Theorem 4-4-6 and Propostion 
6.5.1 or Kikuchi's Doctoral thesis [23], Chapter 3). 



Proposition 8.1. Let p E (2,6), for any Uq E H^{M^^,C), there exists T = 
T{\\uq\\jji) > and a unique solution u{t) E C([0, T), if^(M^, C)) of the equation 
(11.11) with initial datum m(0) = Uq satisfying 

F{u{t)) = F{uo), \\u{t% = \\uo\\^ for anytE[0,T). 

In addition, if Uq E H^^R^jC) satisfies \x\uo E L^(M'^,C), then the virial identity 

^||xn(t)||^ = 8Q(n), 

holds for any t E [0, T) . 

Proof of Theorem \1.5[ Let u{x,t) be the solution of (11.11) with u{x,0) = uq and 
Tmax G (0, 00] its maximal time of existence. Then classically we have either 

Tmax ~l~00 

or 

(8.1) Tmax < +00 and lim ||V-u(x,t)||2 = C)0. 

Since 

and F{u{x,t)) = F{uo) for all t < T^ax^ if (18. ip happens then, we get 

lim QluixA)) = — oc. 

'' 'J- max 

By continuity it exists to ^ (0,Tmaz) such that Q(m(x, to)) = with F(m(x, to)) = 
F{uq) < 7(c). This contradicts the definition 7(c) = inf„gy(c) F{u). □ 
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Remark 8.1. For p E (y, 6) and any c > the set O is not empty. Indeed for an 
arbitrary but fixed u G S{c) = t^u{tx). Then n* E S{c) for all t > and 

Qiu^) = t^Aiu) + '-Bin) - ^-^^t'-^du), 

f t 
F{u') = -A{u) + -B{u)-^Ciu). 

We observe that — )■ as t — )■ 0. Also, since > 1, we have > 

when t > is sufficiently small. This proves that O is not empty. 

Proof of the Theorem MM For any c > 0, let Uc E M.c and define the set 

Q = {vE H\R') \ {0} : F{v) < F{u,), \\v\\l = , Q{v) < O} . 

The set G contains elements arbitrary close to Uc in iJ^(M'^). Indeed, letting 
Vo{x) = = X2Uc{Xx), with A < 1, we see from Lemma [521 that Vq E Q and 
that Vq — )■ Uc in if^(M^) as A — )■ 1. 

Let v{t) be the maximal solution of (11. ip with initial datum v{0) = vo and 
T E (0, oo] the maximal time of existence. Let us show that v{t) E 6 for all 
t E [0,T). From the conservation laws 

\\'"i't)\\l = = hcWl, 

and 

F{v{t)) = F{vo) < F{uc). 
Thus it is enough to verify Q{v{t)) < 0. But Q{v{t)) ^ for any t E (0,T). 
Otherwise, by the definition of 7(c), we would get for a to ^ (0, T) that F{v{to)) > 
F{uc) in contradiction with F{v(t)) < F{u^. Now by continuity of Q we get that 
Q{v{t)) < and thus that v{t) E for all t E [0,T). Now we claim that there 
exists 6 > 0, such that 

(8.2) Q{v{t)) <-5, ytE[0,T). 

Let t E [0,T) be arbitrary but fixed and set v = v(t). Since Q{v) < we know 
by Lemma [2.21 that A*(f) < 1 and that A 1 — > F(t''*') is concave on [A*, 1). Hence 

F{v'*)-F{v) < (\*-l)^F{v')\,=^ 

oX 

= iy~i)Qiv). 

Thus, since Q{v(t)) < 0, we have 

F{v) - F{v^*) > (1 - X')Q{v) > Q{v). 
It follows from F{v) = F{vq) and v''^* E V{c) that 

Q{v) < F{v) - F{v^*) < F{vo) - F{uc). 
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Then letting 6 = F{uo) — F{vo) > the claim is established. To conclude the 
proof of the theorem we use Proposition 18. 1[ Since vo{x) = we have that 

Thus, from Lemma 16.11 and Theorem 11.31 we obtain that 
(8.3) / |a;p|fop(ia; < oo. 

Applying Proposition 18.11 it follows that 

^,\\xvml = mv)- 

Now by (18.21) we deduce that v{t) must blow-up in finite time, namely that (18. ip 
hold. Recording that vq has been taken arbitrarily close to Uc, this ends the proof 
of the theorem. □ 

Proof of Theorem \l.l\ For p G (y, 6), let % be a ground state of equation (11.41) . 
From Theorem 11.31 we know that uq G H^{M?), thus we can set 

Co := ||mo||2- 

/^From LemmaSm we have Q{uq) = 0. Thus Uq G V{co) and it follows from (II. 3p 
and Lemma [7.11 that 

F{uo) > 7(co) >m = F{uo). 

Hence F(uo) = miu£V(co) F{u), which means that uq minimizes F{u) on V{co). 
Thus applying Theorem 11.61 we end the proof. □ 

9. Comparison with the nonlinear Schrodinger case 
In [21] the existence of critical points of 

(9.1) ^(^) = ^l|Vn||^-i||n||^, ueH\R^). 

constrained to S{c) was considered under the condition: 

, , 2N + A 2N 2N + A 

(C) : < p< if iV > 3 and < p if iV = 1, 2. 

In our notation it is proved in [24] that F{u) has a mountain pass geometry on 
S{c) in the sense that 

7(c) = inf ma.x F{g{t)) > max{F{g{0)), F{g{l))} 
g&Tc te[0,i] 

where 

Tc = {ge C([0, 1], Sic)), giO) G Ak^, F{g{l)) < 0}, 
and Ax^ = {u E S{c) : ||Vm||2 < Kc}. Also we have 
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Lemma 9.1. (^ [2^ Theorem 2) For N > 1 and any c > 0, under the condition 
(C), the functional F{u) admits a critical point at the level 7(c) with \\Uc\\^ = 
c and there exists Ac < such that (Ac, Uc) solves weakly the following Euler- 
Lagrange equation associated to the functional F{u) : 

(9.2) -Am-Am= 

Lemma 9.2. ( ]2l] Corollary 3.1 and Theorem 3.2) For N >l, as c 

IVmcIIs -> 00, 



and as c ^ +00, 



Ac — > —00. 



iVucll^^O, 
Ac ^ 0. 



Using the above two results we now prove 

Lemma 9.3. For N > 1, under the condition (C), the function c 1 — > 7(c) is 
strictly decreasing. In addition, we have 

7(c) — )■ +00, as c — )■ 0, 
7(c) —)■ 0, as c — 00. 



(9.3) 



Proof. Arguing as in the proof of Lemma 15.11 we can deduce that 
(9.4) 7(c) = inf maxF(u*) = inf F{u). 

Here V{c) = {u e H\R^) : Q{u) = 0} with 

and M*(x) = t^u{tx) for t > 0. To show that c — > 7(c) is strictly decreasing we 
just need to prove that: for any Ci < C2, there holds 7(02) < 7(ci). By (19. 4 p we 
have 

7(ci) = inf maxF(u*) and 7(02) = inf maxF(n*) 



where 

.t\ llw„.l|2 



After a simple calculation, we get 



iV(p-2) 

_ /l ^\ iV(p-2)-4 /I \ ]V(p-2)-4 

(9.5) maxF(«*) = c(p) ■ (^2ll^^ll2j " ['W'^^) 



with 



, , 4 \ 'v(p-2)-4 Ar(p - 2) - 4 
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By Lemma l9.ll we know that 7(ci) is attained, namely that there exists ui G 
S{ci), such that 7(ci) = F{ui) = ma.Xt^o F{u\). Then using the scaling ug{x) = 
9^~~ui{^), we have 

he\\l = 0''\Ml \\Vue\\l = \\Vu^\\l and \\ue\\l = e^'-^yP+''\\u,\\P. 

Thus we can choose 6 > 1 such that uq G S{c2)- Under the condition (C), we 
have (1 — y)p + N > for N > 1 and thus \\ug\\^ > Now we have 

N{p-2) 4 
_ /l ^\ iV(p-2)-4 / I \ N{p-2)^4 

maxF(n*) = c{p) ■ l^-\\Vue\\lj ./-H.-Jl^^ 

N{p-2) 



1 








p 




1 






\ui 


p 





\ „\ iV(p-2)-4 \ \ N{p-2)-i 

< c{p)-[^-\\vu,\\i^ ■(-ii^iiir 

= maxFfui), 

which implies that 

(9.6) 7(ci) = maxF(Mi) > maxF(M^) > 7(02). 

i>0 t>o 

Finally, from Lemma 2.7 of [21] we know that, for any c > 0, Q{uc) = 0. Thus 
we can write 



iV(p-2)-4 „^ 2 
2iV(p-2) "^"-"^ 

and (19.31) directly follows from Lemma 19.21 □ 

Finally in analogy with Theorems 11.41 and 11.61 we have 
Remark 9.1. Let 

(9.7) := {u, G V{c) : F{u,) = inf F{u)}. 

Then for any Uc G TWc there exists a Ac < such that (mc, Ac) G -ff^(M^) x M 
solves (19.21) and the standing wave solution e'^^^^Uc of (11.81) is strongly unstable. 

The proof of these statements is actually simpler than the ones for (II. ip and 
thus we just indicate the main lines. We proceed as in Lemma [6.11 to show that 
for any Uc G A^c there exists a Ac G M such that (mc, Ac) G H^{M.^) x M solves 
(19.21) . Indeed a version of Lemma [2.21 (and thus of Lemma [2.31) holds when F{u) 
replaces F{u) and this is precisely Lemma 8.2.5 in [12]. Now if for a A G M, 
u G S{c) solves 

(9.8) - Am - = Am, 

on one hand, multiplying (19.81) by w G S{c) and integrating we obtain 

(9.9) ||Vm||2 - = Ac. 
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On the other hand, since solutions of (19 .Sp satisfy Q{u) = 0, we have 



(9.10) l|v«||i-^^|M|J = o. 

Thus, since under (C) N{p — 2)/2p < 1, we deduce that necessarily A < 0. 
To conclude the proof we just have to show that the standing wave e~*'^'=*Uc is 
strongly unstable. This can be done following the same lines as in the proof of 
Theorem ll.6[ Here the fact that Ac < insures the exponential decay at infinity 
of Uc G S{c) which permits to use the virial identity in the blow-up argument (see 
also [7]). 
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